We investigate higher symmetries of the Schr odinger equation with arbitrary potential. We analyze algebraic properties of higher order symmetry operators and use them and the conditional symmetry principle to generate extended families of exact solutions of the linear and nonlinear Shr odinger equation.
I.INTRODUCTION
Higher order symmetry operators (SOs) have many important applications in modern mathematical physics. They give an information about hidden symmetries of equations including Lie-B acklund symmetries 1 , super-and parasupersymmetries 2?6 . These operators can be used to construct new conservation laws which cannot be found in the classical Lie approach 2;7 . A very interesting application of these operators is the description of the coordinate systems in which solutions in separated variables exist 8 . Moreover, to describe such systems it is possible to use SOs whose order is higher than the order of the considered equation 9 .
In the present paper we investigate higher order SOs of the Schr odinger equation, which are "non-Lie" 7;10 symmetries. The simplest non-Lie symmetries are considered in detail, all the possible SOs are calculated explicitly. The potentials admitting these symmetries are found as solutions of the corresponding nonlinear compatibility conditions. It happens the class of these potentials is much more extended than in the case of the usual Lie symmetries.
Algebraic properties of higher order SOs are investigated and used to construct exact solutions of the linear and related nonlinear Schr odinger equation. We propose a new method of generation of extended families of exact solutions using the conditional invariance principle 7;11?13 and higher order SOs.
In the main we restrict ourselves to searching the Schr odinger equation with a time independent potential V = V (x). Time dependent potentials V = V (t; x) are discussed brie y in Section 6. By this we recover the old result14 connected with the Lax representation for the Boussinesq equation, and generate some other nonlinear equations admitting this representation.
The distinguishing feature of our approach is that coe cients of symmetry operators and the corresponding potentials are de ned as solutions of di erential equations which are easily generalized to the case of multidimensional Schr odinger equation. We notice that the method of inverse scattering problem does not admits direct generalization to multidimensional case. This paper is a continuation (and in some sense completing) of the works15 ? 17 where the problem of investigation of non-Lie symmetries of the Schr odinger equation was considered. The detailed analysis of higher symmetries of the multidimensional Schr odinger equation will be a subject of our next paper. Group properties of equation (2.1) with potentials (2.4) were used to solve it exactly, to establish connections between equations with di erent potentials, to separate variables, etc. 8 . Unfortunately, all these applications are valid for a very restricted class of potentials given by formula (2.4) .
II. SYMMETRY OPERATORS OF THE SCHR oDINGER EQUATION
But the class of admissible potentials can be essentially extended if we require that equation (2.1) admits higher order SOs 16 . The problem of describing of such potentials (and of the corresponding SOs) reduces to solving the operator equations (2.2), (2.3). Evaluating the commutators and equating the coe cients of linearly independent di erentials we come to the following system of the determining equations (which is valid for arbitrary n) 2 where m=2,3,...,n, y] is the entire part of y. Formulae (2.5) de ne a system of nonlinear equations for unknowns h i and U. In the case n = 2 the general solution for U is given by formula (2.4).
Let us consider in more detail the case n = 3, which corresponds to the simplest non-Lie symmetry. The corresponding system (2.5) ::: b x 3 + cx 2 + kx + e: (3:1) Using the fact that ' depends on x only while a; b; c; d; e are functions of t, it is possible to separate variables in (3.1). Indeed, dividing any term of (3.1) by a and di erentiating it in respect with t we can reduce this equation to one of the following forms U 00 ? 3u 2 + 3! 1 = 0; To obtain (3.2) we use equivalence transformations U ! U + C1; ' ! ' + C 2 x + C 3 ; x ! x + C 4 ; C k are arbitrary constants.
We will not consider the case (3.2e) which corresponds to potentials (2.4) and to SOs which are products of the usual Lie symmetries 18?20 . Moreover, we exclude trivial symmetries proportional to Hamiltonian H of (2.1 where U and ' are solutions of (3.2), H is the corresponding Hamiltonian (2.1).
Thus the Schr odinger equation (2.1) admits a third-order SO if potential U satis es one of equations (3.2). The explicit form of the corresponding SOs is present in (3.4).
IV. ALGEBRAIC PROPERTIES OF SOs
Let us investigate algebraic properties of SOs (3.4) . These properties do not depend on exact form of the potential U but are determined by the type of equations (3.2) satis ed by U.
By direct calculations, using ( Formula (4.1b) presents an example of the general theorem 21;22 maintaining that commuting ordinary di erential operators are connected by a polynomial algebraic relation with constant coe cients. In Section 7 we use relations (4.1) to integrate the corresponding equations (2.1).
Relations In accordance with (4.3) Q plays a role of dilatation operator which continuously changes eigenvalues of H. Indeed, let H E = E E (4:5) , then the function 0 = exp(i Q) E (where is a real parameter) also is an eigenvector of the Hamiltonian with the eigenvalue E.
It follows from (4.4) that for ! 1 < 0 operators Q + and Q ? are raising and lowering operators for the corresponding Hamiltonian. In other words, if E satis es (4.5) then Q E is also a Hamiltonian eigenfunction which, however, corresponds to eigenvalue E !:
We see that third-order SOs of equation (2.1) have consistent algebraic properties. These properties are the same for wide classes of potentials described by one of equations (3.2). Relations (4.3), (4.4) can be used to generate sets of eigenvalues of the corresponding Hamiltonians starting from a known (say, ground state) eigenvalue.
V. REDUCTION OF EQUATIONS FOR POTENTIALS
Let us consider equations (3.2) in detail and describe the corresponding classes of potentials. A solution of these nonlinear equations is a complicated problem which, however, can be simpli ed using a reduction to other well studied equations.
Formula (3.2a) de nes the Weierstrass equation whose solutions are expressed via elliptic integrals. Multiplying it by U 0 and integrating we obtain We notice that formulae (5.9) present a set of well-known potentials which correspond to exactly solvable Schr(} o)dinger equation 23 . In accordance with the above these equations admit extended Lie symmetries.
The relation (3.2b) de nes the rst Painlev e transcendent. Its solutions are meromorphic on all complex plane but can not be expressed via elementary or special functions.
The equation (3.2c) is more complicated but it also can be reduced to the Painlev e form using the Miura 24 ansatz. Using the following change of variables U = ? Thus the third-order SO are admitted by a very extended class of potentials described above. It is necessary to emphasize that in general the corresponding Schr odinger equation which does not possesses any non-trivial (distinct from time displacements) Lie symmetry.
VI. EQUATIONS FOR TIME-DEPENDENT POTENTIALS
Consider brie y the case of time-dependent potentials U = U(x; t). The determining equations (2.6) are valid in this case also, but the compatibility condition for the system (2.6), in contrast with (2.7), takes the form F(a; b; c; x; U) + 12a U ? 4(b ? 2_ ax) _ U 0 = 0 (6:1) where F(a; b; c; x; U) is the expression de ned in (2.7). Equation (6.1) is much more complicated then (2.7) due to time dependence of U which makes it impossible to separate variables. For any xed set of functions a(t); b(t) and c(t) formula (6.1) de nes a nonlinear equation for the potential. Moreover, any of these equations admits the Lax representation H;`Q] = i @Q @t ; (6:2) refer to (2.3). For the general results connected with arbitrary ordinary di erential operators satisfying (6.2) see 24; 25 .
We will not analyze equations (6.1) here, but present simplest examples corresponding to particular choices of arbitrary functions a; b, and c. 
VII. EXACT SOLUTIONS
Let us restrict ourselves by the case of potentials satisfying (3.2a). Taking into account commutativity of the corresponding SO (3.4a) with Hamiltonian (2.1) it is convenient to search for solutions of the Schr odinger equation in the form (t; x) = exp(?iEt) (x) (7:1) where (x) are eigenfunctions of the commuting operators H and Q:
Q (x) = (x): (7:2b) Using (7.2a) and (3.4a), (5.4) we reduce (7.2b) to the rst order equation 2 = 8E 2 (E + ! 0 ) (7:5) Thus if the Schr odinger equation admits a third order SO (3.4a) then there exist a remarkable simple way to integrate it. The integration procedure reduces to solving rst-order ordinary di erential equation (7.3) and algebraic equation (7.5) .
Let us show that existence of a third-order SO for the linear Schr odinger equation enables to nd exact solutions for the following nonlinear equation
Indeed, it follows from (7.1), (7.4) that for real the found solutions satisfy the following relations = A 2 (V + 4E + 2 ! 0 ): (7:7) Using (7.1b) and (7.7) we make sure that the functions = exp(i"t) (x); " = ?3E ? ! 0 (7:8) (where (x) are functions de ned in (7.4)) are exact solutions of (7.6).
Thus we obtain a wide class of exact solutions of the nonlinear Schr odinger equation, depending on arbitrary parameters "; ! 0 ; ! 1 ; k, refer to (7.8), (7.4), (5.6), (5.8). Properties of these (and some more general) solutions are discussed in the following section.
VIII. LIE SYMMETRIES AND GENERATION OF SOLUTIONS
It is well known that equation (7.6) is invariant under the Galilei transformations which enables us to generate a more extended family of solutions starting with (7. Here V is an arbitrary solution of equation (5.6), v; ! 0 ; ! 1 ; k and " are real parameters, is de ned in (7.5) .
In order to be real we require " >= 0, the other parameters are arbitrary. Solutions To incite into physical contents of the obtained solutions let us consider in more detail the case (8.1), (5.9a). The corresponding relation (7.5) 
IX. CONDITIONAL SYMMETRY AND GENERATION OF SOLUTIONS
Let us return to the linear Schr odinger equation with a potential satisfying (2.2a) Generally speaking it does not possesses any non-trivial (di erent from time displacements) Lie symmetry. Nevertheless, its solutions admit group generating in frames of the concept of conditional symmetry 2;11 . Indeed, these solutions satisfy (7.7), and equation (2.1) Acting by SO (9. 2) on solution (9.3) we obtain one more new solution, moreover, this procedure can be used repeatedly. In particular, in this way it is possible to construct multisoliton solutions of the linear Schr odinger equation.
We see that higher order SOs present e cient possibilities for solving equations of motion and generating new solutions starting from known ones.
X. CONCLUSION
Thus higher order SOs presents powerful tools for analyzing and solving of the Schr odinger equation. The concept of higher symmetries enables to extend the class of the privileged potentials (2.4) and to investigate invariance algebras of an extended class of equations whose potentials satisfy one of relations (3.2) .
It is necessary to note that invariance condition (2.3) for operators (2.1), (3.4) can be treated as a zero curvature condition for equations associated with eigenvalue problem for operator Q, refer to (6.2). In other words, there exist a lot of fundamental results connected with classi cation of compatible operators Q and potentials U(x; t) (refer, e.g., to 14;29 ) , which are applicable to time-independent potentials also. The reasons which stimulate our research of such well-studied subject and distinguishing features of our approach are the following:
1. The main goal of our paper is to study non-Lie symmetries of the Schr odinger equation and to use them for construction and generation of exact solutions. Moreover, we were interested not so much in nding new solutions as in developing of new method of their obtaining, which consists in simultaneous using of higher order and conditional symmetries. Such a combination (i.e., higher order+conditional symmetries) seems to us to be of good perspectives for other equations of mathematical physics.
2. It is well known that the problem of classi cation of pairs of operators satisfying a zero curvature condition is equivalent to the Riemann problem which can be solved explicitly for restricted class of potentials. In our approach we come to di erential equations for potentials, whose solutions are searched by a direct reduction to the Painlev e or Riccatti forms. In this way we had obtained some useful results connected with description of potentials admitting third order symmetries, but this description is a secondary problem in comparison to mentioned in previous paragraph.
3. In contrast with the inverse scattering problem method, our approach is not restricted to one spatial variable and admits direct generalization to the case of multidimensional Schr odinger equation. Higher symmetries of the three-dimension Schr odinger equation for some potentials were investigated in 10;30 .
4. We found algebraic relations (4.1)-(4.4) which are valid for very extended classes of potentials. These results open additional possibilities in application of algebraic methods to investigation of Schr odinger equation, in particular, to using of raising and lowering operators for this equation with potentials satisfying (3.2d).
We notice that equations (3.2) describing potentials which admits third-order symmetries are equivalent to the reduced versions of the Boussinesq equation, appearing by the similarity reduction 27 (this is the case for (3.2a,d)) and by reduction with using conditional symmetries 13,27,28] (the last is valid for (3.2b,c). Thus, our solutions of equations (3.2) (refer to Section 5) can be used to construct exact solutions of the Boussinesq equation.
In conclusion we present a straightforward generalization of the obtained solutions to the case of the three-dimension nonlinear Schr} odinger equation. To obtain them it is su cient to change in (8.1) x ! n x;v ! v n where n is an arbitrary constant vector, n 2 = 1.
